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THE LIMIT SPACES OF TWO-DIMENSIONAL MANIFOLDS
WITH UNIFORMLY BOUNDED INTEGRAL CURVATURE

TAKASHI SHIOYA

ABSTRACT. We study the class of closed 2-dimensional Riemannian manifolds
with uniformly bounded diameter and total absolute curvature. Our first the-
orem states that this class of manifolds is precompact with respect to the
Gromov-Hausdorff distance. Our goal in this paper is to completely charac-
terize the topological structure of all the limit spaces of the class of manifolds,
which are, in general, not topological manifolds and even may not be locally
2-connected. We also study the limit of 2-manifolds with LP-curvature bound
for p > 1.

1. INTRODUCTION

Let M(C, D) denote the set of isometry classes of closed 2-dimensional Rie-
mannian manifolds M with diameter < D and total absolute curvature cabs (M) :=
Jas 1 K| < C for two constants C, D > 0, where Ky denotes the curvature function
on M. Our first theorem is the following:

Theorem 1.1 (Precompactness Theorem). The class M(C, D) is precompact with
respect to the Gromov-Hausdorff distance.

This theorem means that any sequence of manifolds in M(C, D) has a subse-
quence which converges to some compact metric space. The main purpose of this
paper is to study the topological structure of the limit spaces. Before we describe
our main results, let us see an example.

Example 1.1. Define a function f:[0,2/37] — R by f(0) := 0 and f(z) :=
2% (14 sin(1/z)) for z € (0,2/37] as shown in Figure 1.
Then, we see that

Si={(z,y,2) ER® | P+ 2> = f(2)?, 0< 2 <2/3n}

is a limit of M(C, D) for some C, D > 0. In fact, S is approximated by the smooth
surface of revolution

Se:={(z,y,2) ER?* | y? + 22 = (f(z) + €)%, e <2 <2/31 — ¢} for small € > 0,

which is homeomorphic to a closed annulus. Attaching two suitable small caps to
the two circle boundary components of S, we have a C'°°-Riemannian manifold
M, homeomorphic to a sphere such that M(C,D) 5 M, — S as ¢ — 0 for some
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FIGURE 1

C, D > 0, where the uniform boundedness of the total absolute curvature caps(Me)
and the diameter of M, respectively follows from

2/37 2/37
Cans(S) < 27r/ [F(£)"] dt < +o0 and / VIF @2 dt < +oo.
0 0

We observe that the 2-dimensional homotopy group m2(S) of S is infinitely gener-
ated and S is not locally 2-connected.

In order to describe the topological structure of all the limit spaces of M(C, D),
we give some definitions. Let O be an open subset of the open line segment L :=
{(2,0,0) € R® |0 < x < 1}. Then, O is expressed as the countable union of open
line segments O; = {(z,0,0) | z; — 6 <z < x; +6}, i =1,2,.... Exclude each
O; from L and instead attach the two-point-punctured sphere S((x;,0,0),d;; R?) —
{(z; — 6;,0,0), (z; + 6;,0,0)} centered at (z;,0,0) and of radius §; to obtain a
subspace S of R3, which we call the string of pearls associated with the open subset
O. We call the closure S (= S U {(0,0,0),(1,0,0)}) of S a closed string of pearls,
and the two points (0,0,0) and (1,0,0) the terminal points of the closed string of
pearls S. Notice that the space S in Example 1.1 is homeomorphic to a closed
string of pearls, and that an open punctured disk is homeomorphic to the string of
pearls with O = L.

A topological space X is called a pearl space if there exists an open neighborhood
U at each point p € X such that U—{p} is homeomorphic to a finite disjoint union of
strings of pearls. Here, we can always choose such a neighborhood U satisfying that
the closure U of U is homeomorphic to the quotient space Hle Si/{x1,...,xx} of

the disjoint union [[_, S; of finitely many closed strings of pearls S;, i = 1,..., k,
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where x; € S; are terminal points. The number k is called the index at p € X and
denoted by ind(p). For instance, the following are all pearl spaces.

o (closed) strings of pearls,
e 2-dimensional topological manifolds,
e locally finite graphs (or 1-dimensional polytopes).

We have the following;:
Theorem 1.2 (Topological Structure Theorem). Any limit space X of the class
M(C, D) is a compact pearl space and satisfies the following (1) and (2).

(1) We have

C
Z max{ind(p) — 2,0} < —.
2m
peX
(2) The fundamental group m (X) of X is generated by at most [2 + C /27| ele-

ments.
The converse of the above is true as described in the following:

Theorem 1.3. Any compact pearl space X possesses a metric for which X is a
limit space of M(C, D) for some C;D > 0.

We next consider the class M(p, C, D) of closed 2-dimensional Riemannian man-
ifolds M with LP-norm of curvature |’ [ K [P < C and diameter < D for given con-
stants p > 1, C, D > 0. It holds (see Proposition 8.1) that M(p, C, D) C M(C’, D),
where C’ is a constant depending only on p, C, and D, so that in particular,
M(p,C, D) is also precompact.

Theorem 1.4. Let X be a topological space and p > 1 a number. Then, the fol-
lowing (1) and (2) are equivalent:

(1) There exists a metric on X for which X is a limit space of M(p,C, D) for
some C, D > 0.
(2) X is a compact pearl space and satisfies that ind(z) < 2 for any z € X.

Our main theorems are connected to the earlier work due to Burago [5]. However,
his paper [5] does not contain the details of the proofs, and our work is completely
independent of his.

There are some other works on convergence of Riemannian manifolds under LP-
curvature bound and volume lower bound. See [23, 9] for the 2-dimensional case
and [24, 15, 16, 17] for the higher dimensional case. However, since they all rely
on some analytic methods to obtain the regularity of convergence of Riemannian
metrics, it is impossible to extend them to the case where p = 1 or to the case
where the volume (even locally) tends to zero.

For the proof of our theorems (1.2 and 1.4), the triangle comparison theorem
stated in the following plays an essential role. To state it we need some defini-
tions. Over a given limit space X of M(C, D) we find a (not necessarily unique)
Radon measure ¢ | the so-called absolute curvature measure, as the limit of
some sequence of the absolute curvature measures ci\fjs ‘= Cabs On M;, where M;,
1 =1,2,..., are manifolds in M(C, D) converging to X with respect to the Gromov-
Hausdorff distance (see for details §4.3). For any triangle Azixoxs in X, denote by
/213275 the angle at T of a triangle AZ1 #2753 in R? such that d(z;, z;) = d(;, %)
for any 7,j = 1,2,3, where d is the distance function. For A, B C X, let K(A, B)
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be the set of points on all minimal segments joining a € A and b € B. Then, we
have:

Theorem 1.5 (Triangle Comparison Theorem). Let Apgr be a triangle in a limit
space X of M(C, D) and s a point on a minimal segment joining p and q. Then,
there exist three minimal segments o from p to s, T from s to q, and v from s to r
such that

Zspr > Zqpr — Ae,
where A > 0 is a calculable universal constant and
€= Hlln{ Ci({)s(K(Ta ouU T) - {p7 q})? Ci({)s(K({pa q}7 7) - {T}) }

Note that, if ¢, = 0, Theorem 1.5 is equivalent to X having nonnegative
curvature in the sense of Alexandrov (see [6]).

Using the Triangle Comparison Theorem (1.5) enables us to define the angle
between two minimal segments emanating from a common point in the limit space
X of M(C, D) and then to induce ‘the space of directions’, which is a generalized
concept of the unit tangent sphere of Riemannian manifold. Toward proving the
Topological Structure Theorem (1.2), we will develop geometry on the limit spaces
X of M(C, D). In order to analyze the topology of a small metric ball B(p, R) C X,
p € X, R > 0, we need some alternative to the Morse theory for the distance
function. It is however impossible to intactly generalize the Morse theory as done
for Alexandrov spaces ([14]) because of the fact that a string of pearls may have
infinitely many topological critical points. We get over this difficulty to consider the
quotient metric space of B(p, R) modulo the equivalence relation that two points
be contained in a common connected component of some distance sphere dB(p, p),
0 < p < R, which quotient space turns out to be isometric to a cone over a finite
set. Seeing that each equivalent class is either a point or a circle, we thus prove
that X is a pearl space.

Remark 1.1.

(1) Without a bound of total absolute curvature, we can expect nothing about
the limit spaces other than that they are intrinsic metric spaces. In fact,
according to [8], for a given compact intrinsic metric space X there exists a
sequence of closed 2-manifolds converging to X. See §2.5 for the definition
of intrinsic metric space.

(2) For C,D > 0, let M_(C, D) denote the class of closed 2-dimensional Rie-
mannian manifolds M with diam M < D and total negative curvature
c_(M):= [,, K_ < C, where K_(p) := max{—Ky(p), 0} for any p € M.
We have M_(C, D) C M(4w+2C, D) (see Lemma 2.1) and that all our the-
orems stated above (Theorems 1.1-1.5) are still true even if all M(C, D)’s
are replaced with M_(C, D) (see Theorem 6.3).

(3) For p > 1, C,D > 0, let M_(p,C, D) be the class of closed 2-dimensional
Riemannian manifolds M with diam M < D and LP-norm of negative cur-
vature function [,, K_? < C. Then, Theorem 1.4 is still true if M(p, C, D)
is replaced with M_(p, C, D) (see Theorem 8.1).

(4) Since all the discussions of the proofs of Theorems 1.1-1.5 are local, they
also hold for any limit space of closed metric balls B(p;, R; M;), i =1,2,...,
with radius R of (not necessarily closed) complete 2-dimensional Riemannian
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manifolds M; such that caps(B(psi, 2R; M;)) < C for any fixed constants
R,C > 0. By Proposition 3.1, this is true even if c,ps is replaced with c_.

Acknowledgment. This work was done while the author visited the Department of
Mathematics, University of Maryland, College Park. He would like to thank them
for their hospitality during his stay there. He would also like to thank Professors
K. Grove, L. Guijarro, Y. Machigashira, K. Sugahara, and T. Yamaguchi for valu-
able discussions and comments, and to thank the referee for carefully reading this
paper and for helpful comments.

2. PRELIMINARIES

2.1. Total curvature. Let M be a 2-dimensional Riemannian manifold. The
total positive curvature cy (D) of a locally Lebesgue measurable subset D of M
is defined to be the (possibly improper) Lebesgue integral fD K, over D of the
function K defined by K (p) := max{Ky(p),0} for any p € M, where K is the
curvature function of M. The total negative curvature c_ (D) of D is defined in the
same manner for K_(p) := max{—Ks(p),0} instead of K. The total curvature
¢(D) and the total absolute curvature c,ps(D) of D are respectively defined by
¢(D) := c+(D) — c—(D) and cups(D) := ¢4 (D) + c—(D). Note that ¢y (D) = +o0
may happen and we agree that ¢(D) is defined only when one of ¢_(D) and c4 (D)
is finite. We sometimes write ¢™ (D), ¢ (D), etc. instead of ¢(D), cabs(M), etc.

For a domain D of M bounded by piecewise smooth curves, we denote by £, D
the inner angle at a point p € 9D, and by x(9D) the sum of exterior angles of D
and of the total geodesic curvature of 0D with respect to D, i.e., if 9D splits into
n unit-speed smooth curves a;: R D I; — 0D, i = 1,...,n (where n may be 00)
whose parameterizations are all positive with respect to D, then

K(OD) = > (7 — Z£,D) + Z/ ko, () ds,
pedD i=1 v 1i

where ko, is the geodesic curvature of a;;. With these notations, the Gauss-Bonnet
formula is described as

¢(D) + k(0D) = 2mx(D)

for any compact domain D surrounded by finitely many piecewise smooth closed
curves.

Lemma 2.1. For any closed 2-dimensional Riemannian manifold M, we have
Cabs(M) < 4w +2c¢_ (M),
and in particular,
M_(C,D) C M(4r +2C, D).
Proof. 1t follows from the Gauss-Bonnet theorem that
(M) =2nx(M)+c_ (M) < 4n+ c_(M),

which completes the proof. O
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2.2. Variants of Landau’s symbols. Denote by ‘const, g, .. the symbol express-
ing some constant depending only on «,3,.... In particular, ‘const’ means some
universal constant. Let On .. .(-),wa.3,..(-) be the symbols which express some
functions depending only on a, 3, ... such that limsup,_,o |Oq g,...(t)|/t < +00 and
limy; .o wa,g,...(t) = 0 respectively. If the subscript is just ‘s’ such as const., O.(-),
wy(+), this means to depend possibly on everything.

2.3. Maximal net. Let X be a metric space, d the distance function on X, and
€ a positive number. Denote by Sx(€) the number of elements of a maximal net
N C X such that d(p,q) > € for any different p,q € N. Notice that 8x(e) < 400
for any € > 0 if and only if X is precompact. For a > 0, denote by H® the a-
dimensional Hausdorff measure. Then, a straightforward discussion yields that for
any o > 0,
H*(X) < const, - limsup e~ “Bx (€).
e—0

2.4. (Measured) Gromov-Hausdorff topology. Let Z be a metric space. The
Hausdorff distance d%,(X,Y) between two compact subsets X and Y of Z is defined
by

d%(X,Y)=inf{p>0|B(X,p) DY, B(Y.p) > X},

where B(A,p) := B(A,p;Z) :={p € Z | d{p,A) < p} for AC Z and p > 0.
Let C denote the set of isometry classes of compact metric spaces and X,Y € C.
The Gromov-Hausdorff distance dg(X,Y) between X and Y is defined to be the
infimum of d%(f(X),g(Y)), where f: X — Z and g: Y — Z are any isometric
embeddings of X,Y into any metric space Z. The dpy is a distance function on
C and determines a topology on C, called the Gromov-Hausdorff topology. A -
approximation ¢: X — Y, § > 0, is defined to satisfy

(2.1) |d(e(p), ¥(q)) —d(p,q)| <6 for any p,q € X,
(2.2) B(p(X),8) =Y.

Then, dy(X,Y) < O(9) if and only if there exists an O(d)-approximation from X
to Y.

Let CM denote the class of pairs (X, u) of compact metric space X and Borel
measure p over X with u(X) < 1. Let (X;, p;), (X, pu) € CM,i=1,2,.... The se-
quence {(X;, u;)} is said to converge to (X, u) in the sense of the measured Gromov-
Hausdorff convergence if there exists a Borel measurable w,(1/7)-approximation
w;: X; — X for every i such that

X; X

11— 00

for any continuous function f on X. The topology of CM defined by the measured
Gromov-Hausdorff convergence is called the measured Gromov-Hausdorff topology.
Fukaya proved:

Proposition 2.1 (2.10 of [10]). The projection II: CM — C is proper.
As a direct consequence of the proposition, we have:

Corollary 2.1. Assume that a sequence {X;} of compact metric spaces converges
to a compact metric space X in the sense of the Gromov-Hausdorff topology and
wi is a Borel measure over each X; such that u(X;) < const. Then, there exists a
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Borel measure i over X such that some subsequence of {(X;, i)} tends to (X, u)
in the sense of the measured Gromov-Hausdorff topology.

Denote by PC the class of finitely compact pointed metric spaces (X, p), where
the finitely compactness of X is defined by that the closed metric ball B(p, R) :=
{q € X | dlp,q) < R} for any R > 0 is compact. Denote by PMC' the class
of pairs (X,p,u), where (X,p) € PC and u is any Borel measure over X. A
sequence {(X;,p;)} C PC (resp. {(Xi,pi,pi)} € PMCQC) is said to converge to an
(X,p) € PC (resp. (X,p, ) € PMC) in the sense of the pointed Gromov-Hausdorff
convergence (resp. the measured and pointed Gromov-Hausdorff convergence) if for
any fixed R > 0 there exists an w,(1/i)-approximation ;: (B(p;, R; X;),p:) —
(B(p,R; X),p) (resp. in addition to that, ¢; is measurable and satisfies (2.3) for
any continuous function f on B(p, R; X)). This defines topologies on PC and PMC
respectively.

2.5. Minimal segment and intrinsic metric space. Let (X,d) be a metric
space. The length L(c) of a continuous curve c: [a,b] — X is defined by

k—1
L(c) == sup Z d(c(s:), c(sit1))-

a=so<-<sp=b

A continuous curve joining two points p,q € X is called a minimal segment if the

curve attains the minimal length among all continuous curves joining p and g. Of

course, a minimal segment joining given two points does not necessarily exist and

is not unique in general. We assume that all minimal segments are parametrized

by arc-length. Denote by pg one of minimal segments joining p and ¢ (if any).
The intrinsic metric d induced from d is defined by

d(p,q) ==1inf L(c)  for any p,q € X,

where c¢ is any continuous curve joining p and g. Here, we agree that if the two
points p and ¢ are contained in two different arcwise connected components, then
cZ(p, q) = +oo. We say that (X,d) is an intrinsic metric space if d = d. When X
is a finitely compact intrinsic metric space, it follows that any two points in X are
joined by at least one minimal segment.

2.6. Triangle. Let X be a metric space. For three points p,q,r € X, we mean a
triangle Apqr as consisting of three minimal segments pq, ¢r, and rp in X. For a
triangle Apgr in a Riemannian manifold, we indicate by Zpgr the angle between
pq and gr. A comparison triangle Apgr of a triangle Apgr in X is defined to
be a triangle in R? whose edges have the same lengths as the corresponding ones
of Apgr, ie., if we set ApGr := Apqr, then d(p,q) = d(p,q), d(G,7) = d(q,r),
and d(7,p) = d(r,p). For a triangle Apgr in X, denote by Zpgr the angle of the
comparison triangle Apgr at the vertex corresponding to ¢, i.e., if ApGr := Apqr,
then qur = /pqr.

3. PRECOMPACTNESS OF M(C, D)

The purpose of this section is to prove the Precompactness Theorem (1.1).



1772 TAKASHI SHIOYA

3.1. Volume estimate of metric balls. In this subsection, we will give the esti-
mate of the volumes of metric balls by the total absolute curvature, which is needed
for the proof of the Precompactness Theorem (1.1).

Assume that M is a 2-dimensional complete Riemannian manifold and p € M a
fixed point.

Definition 3.1 ([12]). A number ¢ > 0 is called an exceptional radius with respect
to p if there exists a cut point ¢ € 9B(p,t) to p which satisfies at least one of the
following three conditions:

(1) The point ¢ is a conjugate point to p along some minimal geodesic segment
joining p and gq.

(2) The two points p and ¢ are connected by at least three different minimal
segments.

(3) The two points p and ¢ are connected by exactly two different minimal
segments and the angle at ¢ between them is just equal to .

Hartman ([12]) proved that the set of exceptional radii with respect to p is of
measure zero and the metric circle dB(p,t) with any nonexceptional radius ¢ > 0
consists of finitely many piecewise smooth closed curves whose break points co-
incide with the cut points to p. Note that he indeed proved them only when M
is homeomorphic to R?; nevertheless this assumption is not essential in his proof
and they extend to the case where M is any 2-dimensional complete Riemannian
manifold (cf. [20]).

The length L(0B(p, p)) of the metric sphere OB (p, p) with any nonexceptional
radius p > 0 satisfies (see [12, 20])

(3.1) LOB(.p) < [ 5@B(.0) d.

where we note that x(0B(p,t)) is defined for all nonexceptional ¢ € (0, p], i.e., for
almost all t € (0, p]. Since L(OB(p, p)) > 0 and since any exceptional radius is a
limit of nonexceptional radii, we have

p
(3.2) / W(OB(p,t) dt >0 for any p > 0.
0

Let R > r > 0 be two fixed nonexceptional radii with respect to p. Denote by
S the set of all connected components of B(p, r) homotopic to zero in B(p, R) —
B(p,r). Any S € S surrounds a disk domain, say Dg, in B(p, R) — B(p,r). For
any nonexceptional ¢ € [r, R], set

x(t) == x <B(p7 Hu Y D5> .

Ses

Proposition 3.1. We have

e (B~ 2mxtr) < 2T BT,

Proof. We first claim the following:

(3.3) x(B(p,t)) < x(t) < x(r) for any nonexceptional ¢ € [r, R].

The first inequality is trivial. Let us prove the second. For a nonexceptional radius
€ (r,R],1et Cyi, 1 =1,2,..., beall the connected components of B(p,t)—B(p,r).



LIMIT SPACES OF MANIFOLDS WITH BOUNDED INTEGRAL CURVATURE 1773

Then, for any j we have
~ Jj+1 B J
X (B(pm) g Ctﬂ-) —X (B(p, nulJ Ctﬂ-) = X(Crj+1),
i=1 i=1

which is positive only if C; ;41 = Dg for S := 0B(p,7) N C¢ j4+1 € S. This proves
(3.3). B

Since k(0B(p,t)) = 2mx(B(p,t)) — c¢(B(p,t)) for all nonexceptional ¢ > 0, we
have

0< /R (OB(p, 1)) dt
0

r R
SL/(2W+C—@NATD)ﬁ*%/Q{2WXU)+C—@%n10)—C+G%%rb}dh
0 r
which completes the proof. O

Proposition 3.2 (cf. [22]). Let pe€ M and 0 < p <rad(M,p) := sup,cp d(p,q)-
(1) If p is nonexceptional with respect to p, then

L(0B(p, p)) < 27 + c—(B(p,p))) p-
(2) We have

vol B(p,p) < 5 (27 + e (B(p. p))) 7

and in particular

vol M < % (27 4 c_ (M) (diam M)?.

(3) If B(p,t) is homeomorphic to an open disk for anyt € (0,p), then

vol B(p, p) > % (27 — c+(B(p, p))) p*.

Proof. (1): Tt follows from the Gauss-Bonnet formula that for any nonexceptional
radius ¢t > 0,

#(0B(p,t)) = 2mx(B(p,t)) — c(B(p, 1)),

where one has x(B(p,t)) < 1if t < rad(M, p), which together with (3.1) proves (1).
(2): Since

vol B(p, p) = /OPL(GB(p,t)) dt

(see [12]), (1) implies (2).

(3): Assume that p satisfies the assumption of (3) and let € (0, p) be any fixed
nonexceptional radius. Denote by {g; }i=1,...m the set of cut points to p on 0B(p, ).
There are exactly two minimal segments joining p to each ¢;, which surrounds a
closed disk domain in B(p,7), say D;. Let F;, i = 1,...,m, be the connected
components of B(p,r) —J; D;, each of which is an open disk domain bounded by a
triangle. Since each F; contains no cut points, a straightforward calculation using
the geodesic polar coordinate yields

T t
vol F; = / / k(0B(p,s) N F;)ds dt,
o Jo
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where, by the Gauss-Bonnet formula, k(0B(p,s) N F;) = Z,F; — ¢(B(p,s) N F;) >
ZpF — ci(B(p,r) N F;). Hence,

vol B(p,r) > g;volFi > % { (le ZpFi> —ct <B(p,7~) N Lljpvl)} 2.

Applying the Gauss-Bonnet formula to each D; yields

2r — ZAPE = leDl S Cy <UD1> .
Therefore we have
1
VoL B(p,7) > 5 (27 — ¢ (B(p, 1) .
By taking r — p, this completes the proof. O

3.2. Upper bound of the order of the maximal net. We first prove the fol-
lowing lemma.

Lemma 3.1. Let B(p,p) be a metric ball in a complete Riemannian manifold.
Then, if B(p,p) is not simply connected, there exists a minimal geodesic loop in
B(p, p) with base point p which is not homotopic to zero in B(p,p).

Proof. Let «: [0,¢] — B(p,p) be any unit-speed smooth loop with base point p
which is not homotopic to zero in B(p, p), and let d := max,¢[o,¢] d(p, a(s)). There
is a sequence 0 = sg < -+ < s, = £ such that s;11 —s; < p—d for any i. Denote by
0; a minimal segment from p to «(s;) for each i. Since « is not homotopic to zero,
there is an 4 such that & :=o;, U a|[ U 0i,+1 is not homotopic to zero. It
follows that

L(&) = d(p, a(siy)) + Sig+1 — Sip + d(p, (sig4+1)) < d+ p.

SigsSig+1 ]

Therefore, the minimal length of loops in B(p, p) with base point p which are not
homotopic to zero is attained by a loop contained in B(p, (d + p)/2) C B(p,p),
which is a geodesic loop. |

The following lemma is essential to prove the Precompactness Theorem (1.1).
Lemma 3.2. For any M € M(C, D) and e > 0, we have
B (€e) < conste,p (1 + 6_2).

Proof. Let M € M(C,D), € > 0, and let N be a maximal net of M such that
d(p,q) > € for any different p,q € N, i.e., #N = Bp(€). To prove the lemma,
it may be assumed that ¢ < diam M and € < 1. Since all B(p,¢/2), p € N, are

disjoint to each other and by Proposition 3.2(2), setting ¢ := 11662 one has

1M
YoIM 8 on 4+ 0y D22,
™

#{pe N |volB(p,e/2) >} <
C

#(pEN [ cr(Blpe/2) 20} < 5= O,

Therefore, it suffices to estimate the number of elements of

N':={pe N |volB(p,e/2) <6, ci(B(p,e/2)) <}
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Assume that N’ contains at least two different points. For p € M, we set

pp :=sup{ p > 0| B(p,t) is homeomorphic to an open disk for any ¢t € (0,p) }.
It clearly follows that p, > 0.

Sublemma 3.1. We have
pp < €/2 < rad(M,p) for anyp € N'.

Proof. By Proposition 3.2(3), one has for any p € N’ and for ¢t = min{p,, ¢/2},
§ >vol B(p,t) > (1 — ey (B(p, 1)) t* > (7 — 0) %,

[ 6
t </ ——= <e¢/2,
=19
which implies ¢ = p, < €/2.

The assumption € < diam M proves €/2 < rad(M, p). O

and hence

Next we prove:

Sublemma 3.2. The metric ball B(p, pp) for any p € N’ is homeomorphic to a
disk.

Proof. Sublemma 3.1 shows that dB(p, pp) # 0. If B(p, pp) is not homeomorphic
to a disk, there is a loop o with base point p in B(p, p,) which is not homotopic to
zero in B(p, pp). For any p € (0, pp) close enough to p,, the ball B(p, p) contains «,
where « is still nonzero-homotopic because of B(p, p) C B(p, pp). This contradicts
that B(p, p) is homeomorphic to a disk. |

Let p € N’ be fixed. There exists a sequence p; \, pp such that B(p,p;) is
not homeomorphic to a disk. By Lemma 3.1, we have a minimal geodesic loop
~; with base point p in B(p, p;) which is not homotopic to zero in B(p, p;). Since
Yil[0,L.(+:)/2] 15 a minimal segment, one has p; > L(v;)/2. Now, if L(v:)/2 < pp,
then ~; is contained in B(p,pp), which contradicts that B(p, p,) is homeomor-
phic to a disk. Therefore we have L(v;)/2 > p,. There is a subsequence of {~;}
which converges to some simple geodesic loop v, in B(p, pp) such that 'yp|[01L(,yp)/2],
Ypl[L(v,)/2,L(~,)] are minimal segments and L(v,)/2 = pp.

It follows from p, < €/2 (see Sublemma 3.1) that ~, and v, do not intersect for
any different p,¢ € N’. If a point p € N’ satisfies that -, is homotopic to zero
in M, then 7, bounds at least one disk domain in M. Denote by D the set of
open disk domains bounded by all v,, p € N’, homotopic to zero, and by D the
set of minimal elements of D with respect to the inclusion relation. Obviously, D
is a family of disjoint disk domains in M and hence M := M — Uﬁ is a compact
manifold possibly with boundary.

We observe that all the geodesic loops «y,, p € N’, are no more homotopic to
zero in M. Since, by the Gauss-Bonnet formula, each disk domain in D has total
curvature > 7, the number of elements of D is < C'/7. Since |x(M)| = |¢(M)|/27 <
C/27, one has |x(M)| < 3C/2x. Therefore, the number of free homotopy classes
of M represented by simple closed curves is < conste. (See Figure 2.)

If two different geodesic loops 7, and 74, p,qg € N’, are homotopic to each
other in M, then there is a domain A C M homeomorphic to an annulus such that
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aminimal disk domain

FIGURE 2

A = ~,U~y,. Now, for a given nonzero free homotopy class C € [S?; M ] represented
by a simple closed curve, one finds all geodesic loops 7,, with p; € N’ belonging to
the class C. Assume that the number of p;, say n, is not less than 2. Then, there
are a domain A¢ homeomorphic to an annulus and a permutation 7: {1,...,n} —
{1,...,n} such that 9Ac = v,y U p,(nys Uiza 1 Y.y divides Ac inton —1
annuli, and ¥p_, -+, Vp,(,, lie in Ac in this order. Since a minimal segment in
M joining p,(1y and p-([n/2)) has to intersect at least [n/2] — 2 geodesic loops 7, ,,
with i # 1, [n/2] whose lengths are all less than €/2, the triangle inequalities show
that

D > d(pr1), Pr(jny2)) = ([n/2] = 1) €/2,

which implies n < 4+44De 1 Recalling the number of all such classes C is < constc,
we have

#N' < (4+4De 1) conste.
This completes the proof of Lemma 3.2. O

Proof of the Precompactness Theorem (1.1). The theorem follows from the same
discussion as in the proof of the Gromov precompactness theorem ([11]) using
Lemma 3.2. O

Theorem 3.1. Any limit space X € M(C, D) satisfies
H?(X) < conste,p.
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Proof. A straightforward discussion shows that Lemma 3.2 holds also for any limit

X € M(C, D) instead of M € M(C, D), which implies the theorem. O

The same discussions using Proposition 3.1 prove the following lemma and the-
orem.

Lemma 3.3. If a complete pointed 2-dimensional Riemannian manifold (M, p) sat-
isfies caps(B(p, 2R)) < C for given constants C, R > 0, then

Bepr)(€) < consto g (1+€2).

Theorem 3.2. For any fized C,R > 0, any limit (X,p) of complete pointed 2-
dimensional Riemannian manifolds (M, q) such that cans(B(q,2R)) < C satisfies

H%(B(p, R)) < constc, r.

4. TRIANGLE COMPARISON
In this section, we will prove the Triangle Comparison Theorem (1.5).

4.1. Almost flat triangular domains. A triangular domain Apgr (or simply A)
is defined to be a 2-dimensional Riemannian manifold homeomorphic to a closed
disk and surrounded by a triangle Apgr whose edges are all minimal geodesics. For
€ > 0, we say that a triangular domain A = Apqr is e-almost similar to a triangular
domain A" = Ap/¢'r’ if

| Zph — ZyA"| <6, | Z,h — ZyA"| <, |/ A — 2 A"| <e.

The comparison triangular domain A = Apgr of a triangular domain A = Apgr
is defined to be the piece of R? surrounded by the comparison triangle Apgr. A
triangular domain A = Apgr is said to be e-almost flat if c.ps(A) < €. Tt follows
from the Gauss-Bonnet formula that any e-almost flat triangular domain A = Apgr
satisfies

| ZpA+ LA+ 2 A —7| <e
The following theorem is well known (see Lemma 6.3.1 of [19]).

Theorem 4.1. Any e-almost flat triangular domain Apgr is O(e)-almost similar
to its comparison triangular domain Apqr.

4.2. Triangle comparison for manifolds. Throughout this subsection, let M
be a complete 2-dimensional Riemannian manifold.
It is easy to prove the following:

Lemma 4.1. If two triangles Apgr and Ap'q'r' in R? satisfy

d(p, q)

1<
—dp,q)

<l+e dlp,r)=dp,r"), and d(g,r)=d(q,""),
then
Zpqr < Zp'q'r’ + O('/?).

Lemma 4.2. Any triangle Apqgr in M (which does not necessarily bound a trian-
gular domain) satisfies

Zpqr > qur — O(Cabs (K (r,pq))),

where K(-,-) is as in the Triangle Comparison Theorem (1.5).
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Proof. If the triangle Apgr degenerates, i.e., the sum of the lengths of two edges
is equal to the length of the other, then the lemma is trivial. Assume thus that
Apqr is nondegenerate. Set v := pg and for each ¢ € [0,d(p,q)] denote by S;
(resp. S;7) the set of minimal segments ¢ from ~(t) to  such that Z(&(0), —5(t))
(resp. Z(¢(0),%(¢))) attains its minimum among all choices of minimal segments
from ~(t) to 7. Note here that there are at most two element of S;” (resp. S;) for
each t, because M is 2-dimensional. Define

T := { A C M | A is the triangular domain surrounded by o, 7, and () for
some s,t € [0,d(p, q)] with s < t and for some 0 € S}, 7€ S; }.

For A € 7, let s(A), t(A), oa, Ta denote the above s, t, o, 7 associated with A.
For ¢ € (0,conv(K(r,pq))/4), where conv(-) denotes the convexity radius, we put

Ts:={A€T|ACB(K(rpg),0)}.
Let us now prove the following:

Sublemma 4.1. For any s € [0,d(p,q) ) there exists a triangular domain A € Ts
such that s(A) = s.

Proof. For a given s € [0,d(p,q)) one finds a sequence s; \, s, i = 1,2,..., and
minimal segments o; € S_.. There is a subsequence {o;(;)} of {0;} converging to a
minimal segment o from 7(s) to r. A standard discussion using the first variation
formula shows that o is an element of S. For each sufficiently large j, the segment
o4(j) is contained in B(0,6), and hence o, o), and 7|[S7Si(j)] together bound a
triangular domain contained in B(c,§), which is an element of 75. |

Since any limit of triangular domains in 75 is also a triangular domain in 7,
the above sublemma implies that for any s € [0,d(p,q) ) there exists a triangular
domain Aj s € 75 with s(As ) = s such that

t(Ass) =max{t(A)| A €T5, s(A) =s}.

Now, we define a finite or infinite monotone increasing sequence of numbers
to,t1,... recursively by to := 0 and t;41 := t(As¢,) whenever ¢; < d(p,q). For
simplicity, set A; := A5y, 0; := oa, and 7 = 7,,. We will prove that ¢, =
d(p,q) for some n. Suppose the contrary, so that {¢;} is an infinite monotone
increasing sequence tending to some number t», € (0,d(p,q)]. By replacing with
a subsequence, the segment o; tends to some minimal segment oy from v(ts) to
r. For a sufficiently large 4, the segments 0;, 0o, and 7|4, +.) together bound
a triangular domain contained in B(0s,d), which is an element of 75 (cf. the
discussion in the proof of Sublemma 4.1). This contradicts the maximality of t(A;),
so that there is an n such that ¢, = d(p, ¢). (See Figure 3.)

Let € := cabs(A;). Then, Theorem 4.1 implies that for each i = 0,...,n —
1 the triangular domain A; is O(e;)-almost similar to its comparison triangular
domain A;. Identify the edge of A;_; corresponding to 7;,_1; with the edge of A;
corresponding to o; for every i. Then, the union Dy := U, A; is bounded by
the two line segments corresponding to pr, gr, say pr, ¢r, and the broken line
segment corresponding to v, say 4. Since L(¥) = d(p, q) < d(p,7) + d(g,7), one has
/:Ds = Z?:_(Jl /7A; < m,so that Ds may be assumed to be isometrically embedded
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Y(t) =p o) =p
" Apgr in M

Yty

=
S
|
o]
T
=
=
1
o
=

FIGURE 3

into R%2. Forany i =1,...,n— 1,
Lﬁ/(ti)Dé = L;Y(ti)li_l + 4@(,57)11 = Z'y(ti)Ai—l + lv(ti)Ai + O(Ei_l + 6)
<+ O(€i-1 + €),
where the last inequality follows from 7;_1 € S;, | and 0; € S;. Since AN AS =10

for any i # j (where A° is the interior of A), which we will prove later (see Sublemma
4.2), one has

2 € < cans(B(K (r,pq),9)) =: €(9).
1=0

Thus,
n—1 ~
H_(’?) = — Z min{w — Z:},(ti)D(;, 0} < 0(6(5))
=1

Let k € {1,...,n— 1} be a number such that 5(t;) is a convex vertex of Ds. We
stretch the hinge (¢, _, +,.,] keeping d(p,¥(t;)) for all @ # k and d(7(t;), ¥(tit1))
for all 7 to obtain a new broken line segment 4’ such that

L(Y)=LA), Lo Ds < Zs,n)Ds,

4V(tk)Dg =T, 4V(tk+1)Dg < Z5tsn) Do
where Dj is the domain surrounded by 7/, 4'(0)7, and 4/(¢,)7. In particular, one
has k_(3') < k—(%). Repeating such a stretching until there are no more convex
vertices on the broken line segment, we eventually obtain a concave broken line
segment ¥* joining a point p* to a point ¢* which satisfies
d(p*,7) = d(p,7) =d(p,r), d(q@",7)=d(q,7)=d(q,7), L(¥")=L(7)=d(p,q),

K_(7*) < K_(3), Z£pDj < Z;Ds, ZgDj < Z3Ds,

where bg‘ denotes the domain surrounded by 4*Up*rUg*r. It follows from x_ (5*) <
O(e(9)) that Z(vy«yp+,7*(t —0)) < O(e(0)) for any t € (0,d(p,q)], where vy,
for x,y € R? is the unit vector in 7,R? identified with (y — x)/|y — x|. Hence,
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the first variation formula to the variation consisting of the line segments p**(¢),
t €10,d(p,q)], shows

d(p7 Q) € 2
1< gm0 =1 + O(e(6)7).

Applying Lemma 4.1 to Apgr and Ap*§*r yields Zpgr < Zp*§*r + O(e(9)), and
therefore,

Zpqr < ZP*q7+ O(e(0)) = £gDj + O(e(9)) < £3D5 + O(e(6))
=L,An—1+ O(e(d)) < ZLpgr + O(e(9)).
Since €(9) tends to caps(K (1, pg)) as § — 0, this proves Lemma 4.2. O
Sublemma 4.2. We have A7 N A = 0 for any i # j.

Proof. Without loss of generality, it may be assumed that ¢ < j. The minimal
property of the segments v, o;, 74, 05, and 7; shows that

{r} ifi+1<j,
8Aiﬂ8Aj: {T,’y(tj)} ifi+1=7and Ti7é0'j,
T ifi+1=jand 7 =o;.

If Ai D Y|tis1,dpg)]> then V][44, 1,4, 1UT; divides A; into two triangular domains
as shown in Figure 4, the one of which surrounded by 7|4, ¢, ,] U 0o: U 7; is an
element of 75. Since ¢ < j, this contradicts the maximality of ¢(A;), so that we
have A;NY[(¢,,,.d(p.q)] = - The same discussion yields A;Nv|[¢,) = 0. Therefore,
if i +1 < j, we have A; N A; = {r}, which implies the sublemma. If one supposes
i+ 1=j and A7 N A # (), then both A; and A; must contain the disk domain
bounded by the biangle o; U ;. This means that Z(¢;(0),4(t;)) < Z(7:(0),5(t;)),
which contradicts o; € S and 7; € Sy O

Tj

FIGURE 4
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For any triangle Apgr in a metric space, we define

e(Dpgr) = d(p, til)(;;i)(p, r)

Clearly, this is always nonnegative. It follows from a direct calculation that

-1

(4.1) Zpgr =0 ( jg: ;; e(qur)) ,
(4.2) e(Apgr) = O((m — Zgpr)?).

Lemma 4.3. Let Apqr be a triangle in a metric space, s € pq a point, and € > 0
a number. Then, if Zpsr + Zqgsr < m + €, we have

Zsqr > Zpqr — O(e).

Proof. We glue the two comparison triangle domains Apsr =: ApsF and Asqr =:
A35GF at the edge 57 to obtain a quadrangle p3gr, which we embed into R2.

If § is a convex vertex of the quadrangle, or Zpsr—i— qur < m, then one obviously
has qur > qur, which implies the lemma.

Assume that § is a concave vertex, i.e., Zpsr + qur > 7. Since Zpsq > w — €,
applying (4.2) for Apsq yields

d(pv q) 2
1< ——<%=1+4+0(¢).
apg) O
Hence, applying Lemma 4.1 completes the proof. O

Lemma 4.4. For any triangle Apqgr in M and for any number p with 0 < p < 1,
we have

Lpqr > Zpgr — O(e,) — Ou(pl/‘l)7
where
Y =P,
tp:=sup{t e [0,d(p,q)] | v(t)r N B(p,p) #0 for some minimal
segment y(t)r joining v(t) and r },
€p 1= Cabs (K (1,71, d(p,0)1))5
p= (d(p, q), d(g ), d(r,p)),

and where O, (-) is continuous in L.
Proof. 1f t, < p/2, applying Lemma 4.2 to Azqr, z := v(p'/?), yields
Zpqr = Laqr > Zaqr — O(ep).
By d(p,z) = p'/?, it is easy to prove that
Zaqr = Zpqr + Ou(p'*),

where O, (p'/*) is continuous in . Therefore, the proof is completed in this case.
Assume that t, > p'/2. The definition of ¢, and the triangle inequality together
imply

(4.3) d(y(tp),r) = d(p,y(tp)) +d(p, ) — 2p.
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If t, = d(p,q), we set x := q. If t, < d(p,q), we find a number t/, € (t,, min{t, +
0, d( p,q)}) and set z := (t}). Then, in either case, (4.3) implies

and hence, by (4.1),

~ d(p, T‘)p
“par = O( W)

Here, it follows from (4.4) and d(p,z) > p'/? that d(z,r) > d(p,7) + p'/* — 4p >
d(p, ), so that

d(p;r)p 1/2
— < .
d(p, z)d(w,r) ="
Thus,

(4.5) Zpzr < O(pt/*).

If x = ¢, this completes the proof. If z # ¢, (4.5) implies Zpar + Zqur <
74 O(p'/*) and hence, by Lemma 4.3,

Zxqr > Zpgr — O(p'/*).
On the other hand, by Lemma 4.2,
Zaqr < Zpgr + O(ep)-
This completes the proof. O

4.3. Triangle comparison for limit spaces. For each X € M(C, D), by ap-
plying Corollary 2.1, there exists a (not necessarily unique) Radon measure 2
over X such that (X,cX.) is a measured Gromov-Hausdorff limit of the class
{(M,cM,) | M € M(C, D) }.

Remark 4.1. Even if an open domain D C X is isometric to a piece of R2?, it
may possibly have positive measure cﬁ)s(D) > 0. Let us give such an example.

Assume first that a sequence {(M;,cMi)} converges to (X,cX.) and a flat unit

open disk D; = B(p;,1) C M tends to a flat unit open disk D = B(p,1) ¢ X
in this convergence, so that obviously, clii(D;) = ¢ (D) = 0. We then attach a
small handle H; to B(p;,1/2) which shrinks to the point p € D as i — oco. In this
case, we still have M; — X; however (M;, cM) does not converge to (X, ¢, ) any
more, because c,ps(D;) > —c(D;) = 4m. We may assume that caps(D;) tends to
some number a > 47 as i — oo. Then, (M;, cMi) converges to (X, &%), where éX
is the Radon measure defined by

AX (A) — C;%S(A) ifp ¢ A,

Cabs X (A)+a ifpe A

for any Borel subset A C X.

Proof of the Triangle Comparison Theorem (1.5). Let p;: M; — X, i = 1,2,...
be measurable w(1/i)-approximations from M; € M(C, D) to X such that

lim fow; dcdbb / fdeX,

1—00 M;
k3
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for any continuous function f: X — R. Find four points p;, g;, 7, s; € M; such that
wi(pi) = p, 0i(@:) — q, @i(r;) — r, and p;(s;) — s as i — oo, and set o; := p;s;,
T; = 8;q;. By replacing with a subsequence, it may be assumed that there are two
minimal segments o from p to s and 7 from s to ¢ in X such that ¢;(0;) and @;(7;)
both tend to o and 7 respectively. Applying Lemma 4.4 one has for any fixed p > 0,

Zpisiry > Lpisir; — O(cmi (K (ri, 03) — B(pi, p))) — O, (p'*),

2qisiri > Zqisiri — O(chi (K (ri,mi) — B(ai, p))) — Oy, (p*%),

where p; = (d(z,W))zw=pi,qi,ri,s;- Let © € 0 —{s}, y € 7 — {s} be such that
d(s,z),d(s,y) < p, and let z; € 04, y; € 7; be such that ¢;(z;) — = and ¢;(y;) — y
as ¢ — 0o0. Then, Lemma 4.4 implies that for all sufficiently large i,

Lpisiqi = Zxi8iy; > Z387y; — O(chi(B(si, p))) — Oy, (p'*),
where v; := (d(x;, i), d(yi, $i),d(s;, z;)). Therefore,
21 > Lpisiri + £qisiri + £pisiqi
> ZPiSiTz‘ + Zqisﬂ“i + Zl’isiyi - O(C%Z(K(T‘i, o;) — B(pi, p)))
— O(caps (K (ris ) = B(ai, p)) — O(eati(B(si, p))) = Op s (pM4).
Since Z:cisiyi — Z:z:sy =, taking p — 0 after ¢ — oo yields
Zpsr + Zgsr < 7+ O(e, (K (r,0) — {p}) + O(cla (K (1, 7) — {a})).
Now, if ¢ € K(r,0) and p € K(r,7), then
Zpsr+ ZLgsr <1+ O(cX (K(r, o UT) — {p,q})).
If g € K(r,o0), there are a point z € o and a minimal segment zr 3 ¢, so that TUgqr
is a minimal segment and Zgsr = 0; in particular,
Zpsr + qur <.
If p e K(r,7), then Zpsr = 0 and hence
Zpsr + qur <.
Thus, in either case, by Lemma 4.3 we have
Lspr > Zapr — O(cs (K (r,0 UT) — {p,q})).
The same discussion leads to
Zspr > Zqpr — O(cu(K ({p.q}.7) — {1}))

for some minimal segment ~y joining r and s. This completes the proof. O

4.4. Angle between minimal segments in the limit spaces.

Definition 4.1 (Angle). Let X € M(C,D), p,q,r € X, v := pq, and o := pr.
Since lim,_q ¢x . (B(p, p)—{p}) = 0, the Triangle Comparison Theorem (1.5) proves
the existence of the limit

S,t>(1Jl.,Hsl.,t_>o Zy(s)pa(t),

which we call the angle at p between v and o, and denote by Z(v,0) or Zgpr.

The following proposition, analogous to the Toponogov comparison theorem, is
a direct consequence of the definition of the angle.
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Proposition 4.1. For any triangle Apgr in X € M(C, D), we have

Zapr > Zapr — O(cXo(B(p, 2(d(p, q) + d(p, 7)) — {p}))-

We have the following properties of the angle, the proofs of which are slightly
modified versions of those of 2.8 in [6] and are omitted.

Lemma 4.5. Let X € M(C, D).
(1) For any p,q,r,s € X withp € qr — {q,r},

7 < ZLqps + Lrps < + 0(cX . ({p})).

(2) If two sequences of segments p;q; and p;r; respectively tend to pq and pr in
X as i — oo, then

1ig£f 2q;piri > Lqpr — O(Cé(bs({p}))-

5. STRUCTURE OF THE SPACE OF DIRECTIONS

Throughout this section, let X € M(C, D) be a limit space. In this section,
we will define the space of directions at a point in X and prove that it is a finite
disjoint union of points and circles (see Theorem 5.2).

5.1. Foundation of the space of directions. Since we have the triangle in-
equality for the angles between minimal segments from a common point p € X (see
Theorem 1 of Chapter II of [4]), the angle is a pseudo-distance function on the set
of minimal segments {pq},ex, so that the relation between minimal segments from
p that two have angle zero is an equivalence relation, and the quotient space, say
¥, of {pg}pex modulo this equivalence relation becomes a metric space.

Definition 5.1 (Space of Directions and Tangent Cone). The metric completion
of ¥, for a point p € X is called the space of directions at p and denoted by
Yp or ¥, X. We call each element of X, a direction at p. Denote by v, the direc-
tion at p which is the equivalence class represented by a minimal segment pq in X.
The tangent cone K, at p is defined to be the Euclidean cone over ¥, where the
Euclidean cone ‘cone Y’ over a metric space Y is defined to be the quotient space
Y x [0,4+00)/Y x {0} with the metric defined by

d((v, ), (w,t)) := \/s2 +t2 — 2 st cosmin{ d(v,w), 7 }

for (v, s), (w,t) € coneY. Denote by o the point of K, corresponding to ¥, x {0}
and call it the verter of K.

For a metric space Y and a number A > 0 we denote by AY the space Y with
distance function multiplied by A-times.

Proposition 5.1. For any p € X and € > 0 we have
By, (€) < conste (14 € h).
In particular, the space of directions ¥, at any point p € X is compact and satisfies

H'(Z,) < constc.
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Proof. Let p € M and 0 < € < m be both fixed. To prove the first assertion, it
suffices to prove that By (¢) < conste (1 + e !). We find a maximal net N C ¥,
such that Z(v,w) > € for any different v,w € N. Notice here that N may possibly
be an infinite net. Assign a minimal segment 7, to each v € ¥ in such a way
that the direction of ~, is v. It follows from the definition of the angle that there
is a py.w > 0 for any different v,w € N such that Z(7,(s), vw(t)) > 0.99¢ for any
s,t € (0, pyw]. Hence, by remarking € < 7, there exists a p > 0 depending on any
finite subnet N of N such that

d(70(s), Yw(t)) = €p/2
for any s,t € (0,2p] and for any different v, w € N. This implies that

ﬁB(p,Qp) (6p/2) > ﬂB(p,2p)—B(p,p)(6p/2) > [26_1] : #N > (26_1 - 1) ' #N
For any § > 0 there exist an M € M(C, D) and a d-approximation ¢: X — M.

We thus have 85, () 2045 (€0/2 = ) > (27" = 1) - #N, where, if § is taken to be
small enough, then

BBt .30 (€0/3) > (2671 —1) - #N.
On the other hand, since the total absolute curvature is an invariant up to scaling
metric, one has caps(p~ M) < O, so that applying Lemma 3.3 to B(¢(p), 3; p~1 M)
yields

BBom),30) (€0/3) = Bty 3:o-100)(€/3) < consto (14 €2).

Therefore we obtain #N < conste (1 + e !). Since N is any finite subnet of N,
this proves the first assertion.

Since fs,(€) < +oo means the precompactness of ¥, the second assertion di-
rectly follows from the first (see §2.3). O

Remark 5.1. For Alexandrov spaces, the compactness of the space of directions is
implied by only the Alexandrov convexity (i.e., the Triangle Comparison Theorem
under ¢X = 0). On the other hand, that is not true in our case as seen in §9.

Proposition 5.2. For any fized point p € X, the pointed space (p~*X,p) tends to
(Kp,0) as p — 0.

Proof. The proposition is proved by the same discussion as in 7.8.1 of [6] using the
compactness of the space of directions and the triangle comparison theorem. O

From Propositions 5.1 and 5.2, we see that the tangent cone K, at any p € X
is a complete locally compact intrinsic metric space of Hausdorff dimension < 2.

KP
e Over K, by

K () i {o ifod A,

Define a Radon measure ¢

e cans({p}) ifo€A

for any Borel subset A C Kj,. Then, since lim,_q ¢y (B(p, p) — {p}) = 0, we have
that (p~1X,p,cX ) converges to (Kp,o, cﬁfs) as p — 0 in the sense of the mea-
sured and pointed Gromov-Hausdorff convergence. Therefore, (Kp,cgj’;) satisfies
the Triangle Comparison Theorem (1.5).

Proposition 5.3. The space of directions ¥, at any point p € X is a finite disjoint
union of points, circles, and compact arcs.
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Proof. Since ¥, is compact, K, — {o} has at most finitely many connected compo-
nents. Each component A of K, — {o} satisfies cgj’;(A) =0, i.e., A is nonnegatively
curved in the sense of Alexandrov and hence each component of ¥, has curva-
ture > 1 locally (see 4.2.3 of [6]). By recalling Proposition 5.1, this completes the
proof. O

Lemma 5.1. For any u,v,w € ¥y, p € X, we have
£(u,0) + Z(v,w) + Z(w, u) < 27+ O(cas ({p}))-

S K, K,
Proof. For simplicity, let e := ciijs({p}). Then, € = ¢,,"(Kp) = c,~({o}). Propo-

abs S
sition 4.1 implies that Zuvw > Zuvw — O(e), where @ := (u, 1), v := (v,1), @ :=

Therefore,
7 — (£(u,v) + L(v,w))/2 > Luvw — Oe),

as well as
T — (L(v,w) + ZL(w,u))/2 > Lvwi — O(e),
T — (L(w,u) + L(u,v))/2 > Zwuv — Oe).
Adding up these three completes the proof. O

5.2. Strainer. In order to more study the space of directions, we need the notion
of strainer introduced in [6].

Definition 5.2. A point p € X is said to be (n,d)-strained, n € N, § > 0, if there
exist points ¢; € X, i = +1,...,+n, such that

~ w/2 =6, ifi#+j,

24ipq; > o :

T —0, ifi = —j.

Here, the sequence {q;}i=+1,... .4 is called an (n, §)-strainer at p.

Remark 5.2. Assume that caps(B(p, R)) < 0 for a point p € X and two numbers
d, R > 0. Then, there exists an (n, O(d))-strainer {¢;} at p such that d(p,¢;) < R/2
for each i if and only if there exists {v; }i=+1,... .+ C 3, such that

o 72— 0(5), ifi# +j,
4(“1’“J)>{7T—0(5), if i = —j.

Definition 5.3. A map f from a metric space Y to a metric space Z is said to be
d-almost isometric, § > 0, if

‘ d(f(p), f(q))
d(p, q)

Remarking that X has Hausdorff dimension < 2, we have the following theorem
in the same way as in §5 of [6]. Here, we omit the proof.

—1‘§5 for any p,g € Y.

Theorem 5.1. Assume that a point p € X is an (n,d)-strained point with a
strainer {q; Yi=+1,... +n for given numbers n € N and 6 > 0 and that

cﬁ)s(B(p, 2 max d(p,qi))) < 0.

Then, we have the following (1) and (2).
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(1) There exists a universal constant &g > 0 such that, if 6 < by, we have n < 2.

(2) Assume n = 2 and let f: B(p,p) — R? for a p > 0 be the map defined by
f(x) := (d(q1,x),d(g2,x)) for any x € B(p, p). Then, there exists a universal
constant €9 > 0 such that, if € := § + p/ min; d(p, ¢;) < €o, the map f is an
w(e€)-almost isometric into homeomorphism and its image f(B(p,p)) is an
open subset of R2.

The following lemma is important for the proof of Theorem 5.1 and will be used
later.

Lemma 5.2. Assume that Zprq > 7 — 6, max{d(r,s)/d(p,r),d(r,s)/d(qg,r)} <,
and ¢ (B(r,2max{d(p,r),d(q,7)}) — {p}) < & for four different points p,q,r,s €

X and for a number 6 > 0. Then, we have
Zprs + Zqrs = 7 + w(6),
Lprs = Lprs + w(d), Zqrs = Zqrs + w(9).
In addition, if | d(p,r) — d(p,s)|/d(r,s) <&, then
Zprs, Zqrs, Lprs, Lqrs = g + w(9).
The proof of the lemma is also omitted.

5.3. Nonexistence of the boundary of the space of directions. The following
lemma is essential to prove that the space of directions X, at any point p € X
contains no arc as a component.

Lemma 5.3. There exists a 6 > 0 such that, if a sequence of pointed Riemannian
2-manifolds (M;, p;) satisfies ci\fjs(B(pi, 1)) <0 for every i, then it never converges

to the half-plane (R x [0,400),0), 0 := (0,0).

Proof. Suppose that such a sequence (M;, p;) converges to the half plane (H,p) :=
(Rx[0,400),0). Let ¢ :=(1,0) € H and {zs} := 0B(p,s)NdB(q,1) C H for 0 <
s < 1. We find a d;-approximation ¢; : (B(p,10),p) — (B(pi,10),p;), where d; — 0,
and put ¢; := ;(q). Since x5 is a (2,w(s))-strained point with strainer containing
{p, q}, the point ;(x;) for each i is a (2, w(s+d;/s))-strained point with the strainer
containing {p;, ¢;}. Find a number p > 0 and assume that d; < p < s < 1. Then,
applying Theorem 5.1 yields that the map f; := (d(ps, ), d(¢;, ) from B(p;(xs), p)
to R? is an w(s+d;/s+ p/s)-almost isometric into homeomorphism and its image is
an open subset of R2. Since |d(p;,q;)—1| < w(d;) and | (s,1)— fi(@i(zs)) | < w(d;),
one has (s,d(pi,¢;)) € B(fi(pi(zs)),w(d;)) C fi(B(pi(zs),p)) and hence there is a
point x5 ; € B(pi(xs), p) such that fi(zs;) = (s,d(pi,qi)). We now prove that

(5.1) 0B(pi,s) N 0B(¢;:, d(pi, qi)) = {xs,i}-

In fact, z5; € OB(p;, s)NIB(qi, d(ps, ¢;)) is trivial. Let y; be any point in dB(p;, $)N
0B(q;,d(pi,qi)) and find y € H in such a way that d(¢;(y), ;) < d;. Since d(p,y) =
s+ w(d;) and d(q,y) = d(pi, ¢;) + w(d;) = 1+ w(d;), one has d(zs,y) < w(d;) and
hence d(p;(xs),y;) < w(d;), which together with d; < p implies that y; is contained
in B(gi(zs),p). Since fi(y:) = (s,d(pi,qi)), we have y; = x5, so that (5.1) has
been proved.

Since, by d; < 1, dB(q:,d(pi,q;)) contains no critical points of the distance
function to g;, it is a compact 1-manifold without boundary, i.e., a finite disjoint
union of circles. The component, say S, of 0B(q;,d(p;i,q;)) containing z; splits
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into the two parts S N B(p;,s) and SN (X — B(p;,s)) whose joint consists of the
only one point z, ;. This is a contradiction. O

Theorem 5.2. The space of directions ¥, at any point p € X is a finite disjoint
union of points and circles.

Proof. It suffices to prove that ¥, has no component homeomorphic to a closed line
segment. Suppose the contrary and let v € 3, be a terminal point of a component
homeomorphic to a line segment. Then, by setting v := (v,1) € K, the pointed
space (p~ 1K, ) tends to the half plane (H,o0) := (R x [0,+00),0) as p — 0. By
Proposition 5.2, there are a positive number R, * +00 and an wp(p)-approximation
v, B(o,R,; Kp) — B(p,Rp;p~ ' X). Let g, :== ¢,(v). Since (p~'X,q,) tends to
(Kp, v), finding a positive number R/, slowly tending to +oc as p — 0 one has

lim (o™ B, X.q,) = limy () . 9) = (H.0).

Besides, it follows from d(p, q,)/p = 1+wp(p) that cX  (B(q,, pR’p_l)) tends to 0 as
p — 0. Find a sequence of manifolds M; € M(C, D) tending to X and an w(1/1)-
approximation f;: X — M;. There exists a number i(p) for each p > 0 such that the
pointed space (0~ R, M;(,). fi()(d,)) tends to (H,0) and cabs(B(fi() (), PR, ™))
to 0 as p — 0, which contradicts the previous lemma. O

Remark 5.3. Although, by the definition, the angle Z(v, w) between any v, w € X,
is < m, yet the minimal length of curves in ¥, joining two directions may possibly
exceed m. If two directions v,w € X, satisfy Z(v,w) < =, then v and w are
contained in a common component of ¥, and Z(v,w) is just the minimal length
of curves joining v and w in 3,. Therefore, if Z denotes the intrinsic metric of p
induced from Z, it may exceed m and we have

Z(v,w) = min{Z(v,w), 7} for any v, w € 3.

Notice here that if two directions v, w € ¥, are contained in different components,
we have /(v,w) =7 and Z(v,w) = +o0.

The following proposition is a direct consequence of Theorem 5.2, Remark 5.3
and Lemma 5.1.

Proposition 5.4.

(1) The length of each circle component of ¥, at anyp € X is < 2r+0(cX ({p}))-

(2) There exists a universal constant 6 > 0 such that, if ¢ _({p}) < & for a point
p € X, the space of directions ¥, at p has at most two connected components,
and if it has exactly two components, the diameter of each component is

< O(cs({ph)-

6. TOPOLOGICAL STRUCTURE OF THE LIMIT SPACES

In this section we will prove the Topological Structure Theorem (1.2). Through-
out this section, let X € M(C, D) be a limit space.
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6.1. Construction of local polar coordinate. The main purpose of this sub-
section is to construct a bi-Lipschitz homeomorphism (a so-called local polar coor-
dinate) between an annulus and a small neighborhood of a circle component of the
distance sphere 0B(p, p) centered at a point p € X and with a small radius p > 0
(see Lemma 6.2).

Lemma 6.1. For any p,x € X and A > 1 we have the following:

(1) for any p € (d(p,z),\d(p,x)] there exists a point ¢ € OB(p,p) such that
{p,q} is a (1,wp r(d(p,x)))-strainer at x;

(2) if x is not an isolated point of OB(p,d(p,x)), then z is a (2,wp A (d(p,x)))-
strained point with strainer {p, q,r,s} for some r,s € X and the q in (1).

Proof. (1): Let p,x € X, A > 1, and p € (d(p,x),Ad(p,z)]. By Proposition 5.2,
supposing d(p, x) is small enough against p and A, there is a point ¢’ € X such that
M(p, ) < d(p,q') < 2M\d(p,z) and Lpzq > 7 — wpa(d(p, z)). If one finds a point
q € xq' with d(p, q) = p, applying Theorem 1.5 yields

Zprq > Zprq — wy(d(p,q')) > 7 — wpA(d(p, 2)).

(2): Assume that z is not an isolated point of B(p,d(p,x)). Then, there is a
sequence {z;} of points in dB(p,d(p,z)) tending to z such that z; # z for any i.
Let 7' := x; for a sufficiently large i. Since Zpzq > 7 — wy A (d(p, x)) and d(p,r') =
d(p,x), applying Lemma 5.2 yields that Zpzr’, Zgzr' = 7/2 4+ wy A (d(p, x)). This
and Lemma 5.4 together show that X, is isometric to the circle of length 27 +
wp.A(d(p, z)) provided z is close enough to p. One can find a point s’ € X such that
Lr'zs' > m—wp A(d(p, ) and Lpzxs', Lgxs' = 7/2+wp A(d(p, z)). If two points s €
xs' and 7 € xr' are taken to be close enough to , we have Zrzs > 7 —wp A (d(p, ),
so that Lemma 5.2 proves that {p, ¢, 7, s} is a (2,wp A (d(p, x)))-strainer at x. O

Lemma 6.2. If a number p > 0 is small enough against a given point p € X, then

(1) 9B(p,p) is a finite disjoint union of points and rectifiable circles;

(2) for each circle component T of OB(p, p) there exist a neighborhood U of T,
a number € > 0, and a map : U — T such that f = (d(p,-),¢): U —
(p—e€,p+e€)xT is a bi-Lipschitz homeomorphism.

Proof. (1): Let I' be a connected component of 0B(p, p) such that I' does not
consist of only one isolated point of B(p, p). To prove (1), it suffices to show that
T is a rectifiable circle. Lemma 6.1(2) implies that for any point « € I" there are
0z, Tz, Sz € X such that {p,qs,72, 5z} i a (2,wp(p))-strainer at x. If p is small
enough against p, by Theorem 5.1, there are a neighborhood U, at = and a number
€z > 0 such that ¢, := (d(p, ), d(rs,")): Uy — I(p, €z) X I(d(ry, ), €;) is an wp(p)-
almost isometric homeomorphism, where I(a,d) := (a —d,a+d) C Rfora € R
and d > 0. Hence, dB(p,p) N U, = o, ({p} x I(d(rz,z),€;)) for any z € T is a
rectifiable open arc. Since I' is compact, it is a rectifiable circle.

(2): Under the same notation as in the proof of (1), there are finitely many points
Z1,...,Zk in a circle component I' of B(p, p) such that I' C J, Uy,. Gluing the
almost isometric homeomorphisms ¢,,, ¢ =1, ..., k, by using partition of unity, we
obtain the desired bi-Lipschitz homeomorphism f from some tubular neighborhood
UofTto (p—e¢,p+e€)xT,e:=min;e,,, with the property that f = (d(p,-), )
for some Lipschitz map ¥: U — I'. Since this gluing process to construct f is by a
standard discussion, we omit the details. O
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Remark 6.1. Although we can prove that f is locally almost isometric in the proof
of Lemma 6.2, yet it is not necessarily almost isometric globally, because a minimal
segment joining two points in U may not be contained in U.

Lemma 6.3. Foranype X, R >0, and 0 < X\ <1, there exists a family of maps
{ Qo 0B(p.p) = OB(p, p') }ppre(rr,r) Such that

A, @ () = (1 + wpa(R)) [ p— 0|
for any p,p’ € [AR, R] and x € 9B(p, p).
Proof. If p > p/, we find a point @, (z) € px N OB(p, p’) and have
d(z, @pp(z)) =[p— ¢

If p < p/, by Lemma 6.1(1), there is a point ¢ € dB(p,p’) such that Zpxq >
m — wp A (R). Defining ®, ,(x) := g completes the proof. |

The following corollary is a direct consequence of Lemma 6.3.

Corollary 6.1. For any p € X there exists an R > 0 such that the metric sphere
0B(p, p) is continuous in p € [0, R] with respect to the Hausdorff distance.

6.2. Space of components of metric circles. Assume that a number R > 0
is small enough against a given point p € X. Let B := B(p, R)/ ~, where ~ is
the equivalence relation defined in the following: = ~ y holds for two points x,y €
B(p, R) ifd(p,z) = d(p,y) =: p and if x and y are contained in a common connected
component of dB(p,p). Recall that, by Lemma 6.2(1), any such component is
either a point or a rectifiable circle. Denote by [z] the equivalence class in B
represented by a point x € B(p, R). We put p([z]) := p(z) := d(p,x) for any
x € B(p, R), and denote by L the set of liftable curves in B, i.e., £ := {Ilo & |
& is a continuous curve in B(p, R) }, where II: B(p, R) — B denotes the projection.
Define the length L(a) of any curve a: [a,b] — B in £ by

k-1
Lia):= sup > |p(a(si+1)) = plalsi) |-
a=s0<---<sp=b i=0
This induces an intrinsic (or length) metric d on X (cf. [11]), i.e., the distance
d([z], [y]) between any two points [z], [y] € B is defined by
d([z], = inf L(«a),
() = Jnd L()

where L£([z], [y]) is the set of curves in £ joining [z] to [y]. It is easily verified that any
curve « in L is continuous with respect to d and its length induced from d coincides
with the original length L(a). It follows that the projection IT: B(p, R) — B is
distance nonincreasing and hence B is compact.

In order to prove that X is a pearl space, it is crucial to prove that B is isometric
to a closed cone over a finite set (see Theorem 6.1).

It is easy to prove the following

Lemma 6.4. For any z,y € B(p, R) we have

(1) d([], [y]) = | p([z]) — p([y]) |
(2) d([p], [#]) = p([z]) = L(I(pz)).

In particular, TI(pzx) is a minimal segment in B.

7
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Lemma 6.5. The closed metric ball B(p, R) is simply connected.

Proof. Suppose that B(p, R) is not simply connected. Then, there is a minimal
loop v with base point p in B(p, R) which is not homotopic to zero. Put ¢ :=
v(L(v)/2). By Lemma 6.1(1), there exists a point r € X such that Zpgr > 7 —
wp(R). Denote by u,v € X, the directions at ¢ respectively corresponding to
7|[0,L(V)/2] and 7|[L(7/2)7L(7)]- By Z(u, U) =7 and Lemma 5.1, one has

min{ Z(u, vgr), Z(v,v4r) } < 7/2 + wp(R).

Since Proposition 4.1 implies that the left-hand side of the above is > Zpqr —
wp(R) > m—wp(R), this is a contradiction. Therefore, B(p, R) is simply connected.
O

The following is a direct consequence of the lemma.

Corollary 6.2. Any liftable simple closed curve a € L([z], [x]), [z] € B, is homo-
topic to zero.

Lemma 6.6. For any o € L there exists an injective curve o/ € L whose image is
contained in that of a.

Proof. Tt is obvious that there exists an injective continuous curve o’ whose image is
contained in that of . The rest is to show that o € £. Note that o’ is obtained by
reparametrizing o and excluding at most countably many loops, say a;, i = 1,2,....
Let @& be a lift of o into B(p, R), and &; for each i the lift of a; which is a subarc of
&. Denote by z; and y; both the terminal points of &;. Notice then that [z;] = [y;]
holds for each i. To obtain a lift of o’ into B(p, R), we may replace each subarc &;
of & with some injective curve in II=1([z;])(= I~ *([y;])) joining x; and y;. |

Lemma 6.7. Let [z],[y] € B and o, 8 € L([z],[y]). Then, if « is injective, the
image of a is contained in that of (3.

Proof. Let «,3: [0,1] — X € L([z],[y]) and assume « is injective. Set O :=
{s€]0,1]]| a(s) € B([0,1]) }. Tt follows that O is an open subset of the interval
(0,1). Pick up any s € O and fix it. By Lemma 6.2(1), the number of points [z] € B
such that p([z]) = p(a(s)) is finite, and hence there is a closed neighborhood U of
a(s) such that p(U — {a(s)}) Z p(a(s)). The set U — {a(s)} is decomposed into
the two disjoint subsets

Us :={[l € U | p([z]) > p(als)) },

U-:={lz] € U p([z]) < plals)) },
which satisfy Uy NU_ = {a(s)}. There is a 6 > 0 such that o([s — 6,5 +6]) C U.
The injectivity of « yields that «([s —d,s) U (s,s+d]) C Uy UU-_.

We now prove that p o a attains its local extremum at s. Suppose the contrary,
so that, by reversing the parameter of « if necessary, one has a([s—4,s)) C U_ and
a((s,s+d]) C Us. The union of o and 3 forms a simple closed curve, say «y, which is
liftable into X because there are two lifts &, (3 of a,, 8 and one can find a curve joining
a(0) to B3(0) (resp. &(1) to (1)) contained in II=*([z]) (resp. TT~([y])). Therefore,
by Corollary 6.2, v is homotopic to zero. On the contrary, the intersection number
of the curve v and the point «a(s) is £1 (depending on the orientation). This is a
contradiction.

Thus, p o « attains its local extremum at any s € O and therefore O = (). O



1792 TAKASHI SHIOYA

The following proposition is a direct consequence of Lemmas 6.6 and 6.7.

Proposition 6.1. For any two points [z], [y] € B we have:

(1) a minimal segment [x][y] joining [x] to [y] uniquely exists and is an element
of L;

(2) the image of any curve in L([x],[y]) contains the minimal segment [z][y].
Proposition 6.2. Any minimal segment in B does not branch except at [p].

Proof. Suppose there are [z;], ¢ = 1,2,3, and [y] # [p] in B such that [x;] and [y]
are all different and [z1][x2] N [21][x3] = [21][y]. Proposition 6.1 proves [zo][z3] =
[22][y] U [y][x3]. If TI=1([y]) is homeomorphic to a circle, Lemma 6.2 shows that [y]
has a neighborhood homeomorphic to an arc, which is a contradiction. Therefore,
O Y([y]) = {y}, so that x;z; > y for any i # j, which causes a contradiction by
using the Triangle Comparison Theorem (1.5). O

Letting 0B :={[z] € B | p([z]) = R }, we have:

Proposition 6.3. The minimal segment [p|[x] for any [x] € B can be extended to
[pl[x’] for some [z'] € 0B.

Proof. Set R’ := d(p,x) and k := min{i € Z | 2'R’ > R}. Define k + 1 points
Zg,...,Tr € X recursively by

z ifi=0,
T; = (bQi—lRl)QiRl (xi_l) ifi < k,
(bQi—lRl)R(ZEi_l) if i = k’,

where ®. . is in Lemma 6.3. We will prove that [p][x;] C [p][zi+1] for every i. Let i be
fixed. Lemma 1.5 implies that for any y € z;x;+1—{x;} one has priy > Zp$i$i+1 —
wp(R) > m — wy(R), so that p(x;) < p(y). This implies that [p][z;] NI(z;2i11) =
{[z;]}. Since II(x;xi41) D [zi][xi+1], we have [p][z;] N [x;][xix1] = {[=:]}, which
together with Proposition 6.1(2) shows [p][z;] U [:][zi+1] = [P][@it1]-

Therefore, [p][z] = [p][zo] C [p][z1] C -+ C [p][xk]. Since zx € 0B(p, R), [xk] is
the desired [z/]. O

The compactness of B and Propositions 6.1, 6.2, and 6.3 together lead to the
following:

Theorem 6.1. The space B is isometric to B(o, R;cone OB) and 0B is a finite set.

Theorem 6.2. Any limit space X € M(C, D) is a pearl space.

Proof. Assume that a number R > 0 is small enough against any fixed point p € X.
Theorem 6.1 implies that there are at most finitely many connected components of
B(p, R) — {p} and that the projection L := II(S) C B of each connected component
S of B(p, R) — {p} is isometric to the open line segment of length R. Denote by
O the set of all [z] € L such that II7!([z]) is homeomorphic to a circle. Applying
Lemma 6.2(2) to I' := I17([z]) for every [z] € O yields that O is an open subset of
L and the preimage II71(0’) of any connected component O’ of O is homeomorphic
to an open annulus. Since Corollary 6.1 implies the continuity of the map L > [z] —
II~*([z]) C S, the component S is a string of pearls associated with the open subset
O C L. This completes the proof. O
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Remark 6.2. We observe that there is a natural correspondence between the con-
nected components of ¥, and those of B(p, R) — {p}. In particular, ind(p) is
equal to the number of components of ¥,. Assume now that a component S of
B(p, R) — {p} is corresponding to a circle component I" of 3,,. Since (p~15, p) con-
verges to (K(T'),0) as p — 0, we have that SN 9B(p,p) for all sufficiently small
p € (0, R] is homeomorphic to a circle, so that S N B(p, p) is homeomorphic to an
open annulus if p > 0 is small enough.

6.3. Upper bound of the index and the fundamental group. As well as ¢X .

we can define the measure ¢ (resp. ¢X) over X as a limit of ¢} (resp. ¢™), where
M € M(C, D) tends to X. Define ¢* := ¢ — ¢X. These measures over X are also

not necessarily unique. It may be assumed that ¢} = ¥ + ¢*.

Proposition 6.4. Let X be a limit space of M(C,D). Then, the index at any
point p € X satisfies

1
ind(p) <2+ — X ({p})
2w
and consequently,
Z max{ind(p) —2,0} < 2i X (X).
peX T

Proof. There are an My € M(C, D) and a measurable J-approximation ¢gs: Ms —
X for any § > 0 such that
(6.1) lim [ fogsdc) :/ fdeX

6—0 M5 X

for any continuous function f on X. For a given point p € X, one finds a point
ps € Ms in such a way that d(ws(ps),p) < 6. Let p € (0,1) be a number small
enough against p and ¢t € [p?, p] any number. We assume § < p®. Then, since
(t71B(ps, t; Ms),ps) is close to (B(o,1; K,),0), the number of connected compo-
nents of the metric sphere OB (ps,t) is at least ind(p) (see Remark 6.2), so that in
particular,
xX(B(ps;t)) < 2 — ind(p).

Therefore, by (3.2),

0< /P k(0B(ps,t)) dt
0

P P
g/ (27T+C)dt+/ (272 — ind(p)) + ™ (B(ps, 1)) } dt,
0 p?
which implies

, cy 1 1
ind(p) < 2+ <1 + %> P + o C- (B(ps, p))-

Letting p — 0 after § — 0 completes the proof. O

In order to prove (2) of the Topological Structure Theorem (1.2), we need some
lemmas.

Lemma 6.8. Let c: [0,1] — X be a continuous curve in a metric space X. Then,
for any € > 0, there exists a sequence 0 = sg < s1 < -+- < S = 1 such that
c([ s, 8i41)) C Ble(si),€) foranyi=1,...,k—1.
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Proof. The lemma is implied by the uniform continuity of c. O

Definition 6.1 (e-locally 1-connectivity). A metric space X is said to be e-locally
1-connected, € > 0, if any closed curve with diameter < € in X is homotopic to zero.

Lemma 6.9. Let X be an e-locally 1-connected intrinsic metric space, € > 0, and
let a,8:[0,1] — X be two continuous curves such that «(0) = (0) and a(1) =
B(1). Then, if d(c, B) == sup,ejo,1]d((s), B(s)) < €/3, then o and 3 are homotopic
to each other fixing their terminal points.

Proof. By Lemma 6.8, there exists a sequence 0 = sy < --- < s = 1 such that
diam ([ s, $i+1]), diam ([ s;, $;+1]) < €/6. For every i one finds a curve ; join-
ing «(s;) and [(s;) and with length L(v;) < €/3. Then, since the closed curve
[s;,50411 Y Vi1 U Bls,,s,.,] Ui for each ¢ has diameter < ¢, it is homotopic to
zero. Therefore, a and 3 are homotopic to each other. O

Proposition 6.5. The fundamental group m (X) of any limit space X of M(C, D)
is generated by at most [2 + ¢ (X)/2n] elements.

Proof. Let X be a limit space of M(C, D). It follows that there exists an ¢ > 0
such that X is e-locally 1-connected. Find a number ¢é with 0 < § < € and
an M € M(C,D) such that dg(M,X) < §. Fix a base point pg € M and set
xo := @(po), where p: M — X is a 2d-approximation. For a loop «a: [0,1] — M
with base point pg, we define a loop a: [0,1] — X with base point zy in the
following. By Lemma 6.8, there exists a sequence 0 = sy < -+ < s = 1 such that
diam (] 4, $i+1]) < 6 for any i. Join p(a(s;)) to p(a(si+1)) by a minimal segment
&; for each 4, and set & := J, &;, which is a loop in X with base point zo. We
parameterize @ so that a@(s;) = p(«a(s;)) for any i.
We have the following:

Sublemma 6.1. If two loops o, 3: [0,1] — M with base point py are homotopic
to each other, then so are & and (3.

Proof. Since « is homotopic to 3, there exists a homotopy H: [0,1] x [0,1] = M
such that Hy = « and Hy = (3, where H, := H(-,t): [0,1] — M for ¢t € [0,1].
Applying Lemma 6.8 to ¢ := t — H; yields that there exists a sequence 0 =
to < --- <ty = 1 such that d(Hy,,H;,,,) < 0 for each i. We therefore have
d(Hy,, Hy,, ,) < constd < €/3, which together with Lemma 6.9 implies that Hy, is
homotopic to Hy,,, for any . This completes the proof of the sublemma. |

By this sublemma, the correspondence w1 (M) 3 [a] — [@] € m1(X) defines a
map f: m (M) — m(X). Notice that, although there are many choices of & for a
given «, by Lemma 6.9, the class [@] is uniquely determined for the a. It is easy
to prove that f is a homomorphism. We will show that f is surjective. In fact,
for any loop a in X with base point zy, one can define a loop & in M with base
point py as in the same manner as before. Since the definition of the loop & in X
implies d(a, o) < constd < €/3, and by Lemma 6.9, the two loops o and & in X
are homotopic to each other and hence

f((a) = [o] = la].

Thus, f is surjective.
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The homomorphism theorem yields that w1 (X) is isomorphic to 71 (M)/ ker f.
Moreover, since the Gauss-Bonnet theorem implies —x(M) < ¢_(M)/2x, the fun-
damental group 71 (M) is generated by at most [2 + ¢_(M)/27] elements. This
completes the proof of Proposition 6.5. O

Remark 6.3. In the proof of Proposition 6.5, the fundamental groups (M) and
m1(X) are not necessarily isomorphic to each other. See Remark 4.1 for such an
example.

The following theorem is a stronger version of the Topological Structure Theorem
(1.2).

Theorem 6.3. Any limit space X € M_(C, D) is a pearl space and satisfies the
following (1) and (2):

(1) We have
: C
Z max{ ind(p) — 2,0} < —.
2m
peX
(2) The fundamental group 7 (X) of X is generated by at most [2 + C/27] ele-
ments.

Proof. If X € M_(C, D), then X € M(4dm + 2C, D) (see Lemma 2.1) and hence,
by Theorem 6.2, X is a pearl space. By remarking ¢X(X) < C, (1) and (2) follow
from Propositions 6.4 and 6.5 respectively. O

The same idea as in the proof of Proposition 6.5 leads to the following proposi-
tion, where we omit the proof.

Proposition 6.6. Let X andY be two compact metric spaces which are LGC(k, p)
and LGC(k —1, p) respectively. Then, there exists a 6 > 0 depending only on k and
p such that, if dg(X,Y) < §, there is a surjective homomorphism from m(Y') to
76 (X).

Here, for the definition of LGC(k, p) see [8].

Remark 6.4. We do not know whether any limit space of M(C, D) is LGC(1, p) or
not.

7. EXISTENCE OF THE LIMIT METRIC ON PEARL SPACES
In this section we provide:

Proof of Theorem 1.3. We first construct a metric on any given string of pearls.
Let ¢: R — R be a C"*°-function such that

=0 on (—o00,0]U[1,400),
>0 on (0,1),

1
/ " (0)] dt = 1.
0

For any € > 0, set ¢.(t) := €2p(t/€). Then, one has
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Let O = U;c;( @i, bi) € (0,1) be any given open subset, where (a;,b;)’s are all
disjoint to each other. Define a function f: (0,1) — R by

0 forte (0,1)—0,
ft) = (o1)
(pbi_ai(t—ai) fort € (al,bz)

The space
S:=8(f)={(x,y,2) eR*[y* + 2= f(2)?, 0 <z <1}

with its induced intrinsic metric is homeomorphic to the string of pearls associated
with the open subset O.

We next see that S can be approximated by a C°°-manifold homeomorphic to an
annulus. For any e > 0, put I(€) :={i € I | bi—a; > € } and O(€) := U, e (¢ (@i, bi ).
Define a C*°-function f.: (0,1) — R by

() = € for t € (0,1) — O(e),
R ©b;—a; (t —a;) + € for i and ¢ such that b; —a; < eand t € (a;,b;).

The C*-surface of revolution S, := S(f) is homeomorphic to an open annulus and
converges to S as € — 0, while

Cabs(Se) = 2w Z (b; —a;) <27 for any € > 0.
i€l(e)

Now, let X be a given compact pearl space, and {S;} the family of maximal
strings of pearls embedded in X as open subsets such that the boundary of each .S;
in X consists of at most two points. The compactness of X yields that #{S;} <
00. One observes that there are finitely many points z1,...,25 € X such that
X =X- U, Si — {z1,..., 21} is a (not necessarily connected) finitely connected
topological manifold without boundary, i.e., there is an embedding of X into a (not
necessarily connected) compact 2-dimensional topological manifold V' such that
V — X consists of finitely many points e, ..., en, € V, called the endpoints of X.
Find a C'*°-Riemannian metric on V and equip each string of pearls S; with the
intrinsic metric defined above. This induces an intrinsic metric on X. (See Figure
5.)

We prove that X € M(C, D) in the following. In order to obtain a Riemannian
manifold approximated to X, for 0 < € < 1, we replace the metric ball B(p, et/ 2)
centered at every p € T := |J, 05; U{z1,..., 2z} with the standard sphere of radius
€!/2 excluded n disjoint disks with perimeter 27e, where n := ind(p). Notice here
that e is needed to be small enough against n. Replace every S; with S; ., where .S;
is the annulus S, defined above for S = S;. Then, glue the circle boundaries of the
replaced sphere excluded disks with all 35; . and (X — B(p, €'/?)) in the manner
as the original pieces did, so that we have a compact 2-dimensional topological
manifold, say X, with piecewise C*°-Riemannian metric which is w(e)-close to X
with respect to the Gromov-Hausdorff distance. We deform the piecewise C'>°-
metric of X, slightly to obtain a C'*°-Riemannian metric on X.. It is possible to
perform such a deformation satisfying that dg (X, X.) < w(e) and

C:= sup caps(Xe) < +00.
0<ex1
Therefore, we have M(C,D) 3 X, — X as ¢ — 0 for D := 2diam X. O
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FIGURE 5

8. LIMIT SPACES OF 2-MANIFOLDS WITH LP-CURVATURE BOUND

Throughout this section, let p > 1, C, D > 0 be given constants. Denote by
M_(p,C, D) the class of closed 2-dimensional Riemannian manifolds M with di-
ameter < D and LP-norm of negative curvature function f u K _P < C. First we
have the following:

Proposition 8.1. There exists a constant C' = constp, ¢, p such that

M(p,C, D) € M_(p,C, D) C M_(C",D) C M(4x +2C", D).
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Proof. The first implication is clear and the third has already been proved in Lemma
2.1. We will prove the second.
Let M € M_(p,C, D). Then, by Holder’s inequality, one has

c- (M) < ( /M K_P)l/p (vol M)Y/1,

where ¢ > 1 is defined by 1/p + 1/q¢ = 1. This together with Proposition 3.2(2)
implies

Cl/rp2/a

(M) < =5 —

Therefore, there exists a constant C’ = const, ¢, p such that c_ (M) < C’. This

completes the proof. O

Proposition 8.2. Any limit space X of M_(p,C, D) satisfies that ¢ ({x}) = 0
forany x € X.

Proof. Let y € M € M_(p,C, D). Then, since M € M_(C’, D), C' = consty,c,p,
Proposition 3.2(2) implies

(27 + c_ (M),

1
vol B(y, p) < 5 (27 +C') p*.

Hence, by Hélder’s inequality, for any p > 0,

1/p
(8.1) c_(B(y,p)) < (/ KJ’) (vol B(y, p))¥/? < const,. c.p p*/,
B(y,p)

where 1/p+1/qg=1.

Forz € X € M_(p,C, D), there is a sequence of pointed manifolds (M;, y;) with
M; € M_(p,C, D) such that (M;,y;, ™) tends to (X, x,¢¥) in the sense of the
measured Gromov-Hausdorff convergence. Therefore, by (8.1) one has

X (B(x,p)) < const, c.p p*'9,

which completes the proof. O

Theorem 8.1. Any limit space X of M_(p,C, D) is a compact pearl space and
satisfies that ind(x) < 2 for any x € X.

Proof. Proposition 8.1 and Theorem 1.2 together imply that any limit space X of
M_(p,C, D) is a compact pearl space. Combining Lemma 8.2 and Proposition 6.4
yields the estimate of the index. O

Theorem 1.4 follows from Theorem 8.1 and the following:

Theorem 8.2. If a compact pearl space X satisfies ind(z) < 2 for any point x € X,
then X has a metric such that X € M(p,C, D) for some C,D > 0 depending on p
and X.
Proof. For a fixed number p > 1, let ¢: R — R be a C'*°-function such that
=0 on (—00,0]U[1,+00),
>0 on (0,1),

1y nm p
0T

o )Pt
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and set . (t) := €*P(p(t/€) +¢) for t € R and € > 0. Then, it follows that

1 1
lp? ()P
————dt < e.
/o i1 M=

For a given open subset O of (0, 1), we define the functions f and f. in the same way
as in the proof of Theorem 1.3. Define two more functions f*=: (-1/2,14+1/2) —
Rand ff=:(-1/2,1+1/2) - R by

pt+1) forte(-1/2,0],
=) =< f(t) for t € (0,1),

pt—1) forte[l,1+1/2),

pt+1)+e forte(—1/2,0],
fE (@) =1 fe(t) fort € (0,1),

pt—1)+e forte[1,1+1/2).
We set
fr= f+_|[0,1+1/2), fm= f+_|(—1/2,1],
&= oarey), 5= 20
S*:=8(f"),  S°:=8/{(0,0,0),(1,0,0)},  SF:=S(f),
where # is any of ‘4, ‘=, ‘+—’, or the empty character ©. Let S* := S(f¥*)/ ~*
for ¥ = +,—,“,0, where ~7 is the equivalence relation on S(f*) C R? defined as

follows: For any numbers z,7,z € R such that x = 0,1 and y? + 22 = €2, the
relations

(07y7 Z) NZ’_ (07 Y, _Z)a (17y7 Z) Ng_ (17 Y, _Z)a
(ajayvz) ~e (J:a Y, _Z)v (Ovya Z) ~e (Lya Z)

are only defined to be true. It follows that ST is homeomorphic to the punctured
projective plane (or the open Md&bius strip), Se to the Klein bottle, and S? to the
torus. For any * = 4+, —, +—,, 0, the space S7 is a C'"*°-Riemannian manifold and

satisfies
s

*
€

P < 4.

Let X be a compact pearl space such that ind(z) < 2 for any ¢ € X, and
{S;} the family of strings of pearls in X defined in the proof of Theorem 1.3. If
X is homeomorphic to S° associated with some open subset O C (0,1), since
M(p,C,D) > 5% — S% as ¢ — 0 for some C, D > 0, this completes the proof. If
not, there is a disjoint family of open neighborhoods U; of S; such that each U; — S;
consists of one or two punctured open disk domains and that X:=X- U; Ui is
a compact manifold with boundary. Each U; is homeomorphic to S}, where S}
is the string of pearls S* defined above for S = S; and * is one of 4+, —, +—,
or the empty character. Equip each U; with the intrinsic metric of S} and find a
C*-Riemannian metric on X such that the metric of X is of C* around 8X. To
obtain a C*°-Riemannian manifold X, € M(p,C, D) close to X, we replace each
U; = S} with S7. and deform the metric on X slightly. It is easy to prove that
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X.— X ase—0and

sup / |Kx, P < +oo.
0<e<1

€

This completes the proof. O

9. REMARK ON METRIC SPACE OF BOUNDED INTEGRAL CURVATURE

It seems natural to consider some concept of metric spaces with bounded total
absolute curvature as a generalization of the limit spaces of M(C, D). One natural
condition of such a metric space X is that there is a Radon measure cfbs over X
for which the conclusion of the Triangle Comparison Theorem (1.5) is satisfied.
However, this condition does not imply the compactness of the spaces of directions
of X, as is seen in the following examples:

Example 9.1. The subset of the complex plane C
X::{rerk”‘/__le clo<r<27% k=0,1,...}

with its induced intrinsic metric is compact and satisfies the conclusion of the
Triangle Comparison Theorem (1.5); however the space of direction ¥,X at the
origin o € C is an infinite and discrete set.

Another example is due to F. Ohtsuka'.

Example 9.2 (cf. Example 2.1 of [13]). Let M be a complete Riemannian 2-
manifold and F' C M a compact subset. We define an intrinsic metric dp;,r on the
quotient space M/F by

for any p,q € M, where [p] is the class of M/F represented by a point p € M and d
the distance function on M. Then, (M/F,dy;, r) satisfies the Triangle Comparison
Theorem (1.5). Moreover, the space of directions at the point [F] is noncompact if
and only if F' is an infinite subset.

We see [4], [5], and [21] for the study of metric spaces of bounded integral cur-
vature.
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